Abstract-Pulsatile release of cortisol from the adrenal glands is governed by pulsatile release of adrenocorticotropic hormone (ACTH) from the anterior pituitary. In return, cortisol has a negative feedback effect on ACTH release. Simultaneous recording of ACTH and cortisol is not typical, and determining the number, timing, and amplitudes of pulsatile events from simultaneously recorded data is challenging because of several factors: 1) stimulator ACTH pulse activity, 2) kinematics of ACTH and cortisol, 3) the sampling interval, and 4) the measurement error. We model ACTH and cortisol secretion simultaneously using a linear differential equations model with Gaussian errors and sparse pulsatile events as inputs to the model. We propose a novel framework for recovering pulses and parameters underlying the interactions between ACTH and cortisol. We recover the timing and amplitudes of pulses using compressed sensing and employ generalized cross validation for determining the number of pulses. We analyze serum ACTH and cortisol levels sampled at 10-min intervals over 24 h from ten healthy women. We recover physiologically plausible timing and amplitudes for these pulses and model the feedback effect of cortisol. We recover 15 to 18 pulses over 24 h, which is highly consistent with the results of another cortisol data analysis approach. Modeling the interactions between ACTH and cortisol allows for accurate quantification of pulsatile events, and normal and pathological states. This could lay the basis for a more physiologically-based approach for Manuscript
I. INTRODUCTION

S
ECRETION of some hormones is stimulated by a wellknown sequence of pulsatile events governed by a natural control system. Neural interactions in the hypothalamus result in the release of hormone-releasing hormones [e.g., corticotropin releasing hormone (CRH)], which in turn induce the release of hormones from the pituitary [e.g., adrenocorticotropic hormone (ACTH)]; pituitary hormones then induce secretion of hormones from the target glands (e.g., cortisol). These hormones implement regulatory functions in the body and also have a feedback effect on the release of hormone-releasing hormones and pituitary hormones [15] . In the 1960s, endocrinologists realized that these hormones are not secreted in a continuous manner, and instead are secreted in pulsatile episodes [26] and cleared exponentially [14] . It is currently unethical to measure the hormonereleasing hormones of the hypothalamus (e.g., CRH) in human participants, and therefore, it is crucial to infer these pulsatile episodes using serum measurements of only a subset of the hormones within these hierarchical hormone systems (e.g., ACTH and cortisol).
ACTH and cortisol are steroid hormones that influence multiple areas of mammalian physiology including metabolism, inflammation, and stress [2] . ACTH and cortisol levels vary over a 24-h period as a result of the ultradian modulation of the timing and circadian modulation of the amplitudes of the ACTH and cortisol secretory pulses [2] . In order to understand the physiology and psychophysiology, effects of drugs, and other interventions, there is a need for quantifying pulsatile episodes in ACTH and cortisol secretion. A question of interest is whether elevated cortisol levels observed in some medical conditions are caused by changes in the pulsatile episodes or by the increased sensitivity of the adrenal glands to ACTH [27] . One method for investigating whether a pathological condition related to cortisol has been initiated by the hypothalamus, the pituitary, or the adrenal glands, is to construct a model based on these interactions and develop an algorithm that can find both the pulsatile episodes of hormone release in the hypothalamus and the model parameters corresponding to each step of the cascade using data from individuals with and without the disorder. It is, therefore, advantageous to have a model and an estimation algorithm that can investigate the role of the amplitude and frequency of the pulses as well as the sensitivity of the target gland to the pituitary input. Moreover, a treatment could be designed to use an optimal dosage (amount and timing) by employing a model that predicts the dose response. This requires a comprehensive model that includes the pulsatile secretion of hormones and the feedback effect in hormone release so that hormone secretion and hormone concentration in the blood can be estimated.
As a first step in understanding endocrine systems quantitatively, we investigate concurrent release of ACTH and cortisol in the hypothalamic-pituitary-adrenal (HPA) axis. Various models of the HPA axis and cortisol secretion have been proposed, for instance, see [2] , [3] , [6] - [8] , and [12] . These models describe cortisol synthesis in the adrenal glands based on the first-order kinetics of cortisol synthesis. Current mathematical models for concurrent ACTH and cortisol measurements include [18] , [19] , [21] - [23] . Peters et al. modeled ACTH and cortisol levels as a function of exogenous CRH [21] . They intravenously injected CRH to the participants, collected ACTH and cortisol levels until 4 h after injection, and estimated the model parameters given the injected CRH [21] . Another data-driven model of concurrent ACTH and cortisol levels was proposed by Lonnebo et al. where they assumed a surge-based nonlinear model with one morning surge and one afternoon surge [19] . Van Cauter proposed a method for recovering episodic hormone fluctuations [23] , used it to analyze the 24-h profile of concurrent ACTH and cortisol data and recovered the secretory events for each of the two hormone profiles [18] , [22] . Then, by analyzing the timing of the detected ACTH and cortisol pulse peaks and the respective durations those pulses overlapped, they determined which detected ACTH and cortisol pulses were concomitant [18] , [22] .
Some data analysis methods for recovering hormone secretory events are developed for single hormone time series (e.g., only cortisol) and are mostly based on pulse detection algorithms [25] or assume that the timing of the secretory events belong to a certain class of stochastic processes [14] . We recently showed that hormone secretory events can be recovered using compressed sensing [5] . Compressed sensing allows for reconstruction of sparse signals (i.e., signals in which only a small number of coefficients are large and most coefficients are zero or close to zero) using fewer measurements than required by the Shannon/Nyquist sampling theorem [1] .
Our goal in this study is to quantify the secretory events and the feedback control mechanisms that underly the HPA axis. To tackle this problem, we develop a model that calculates the first-order kinetics underlying the HPA axis and the infusion and clearance coefficients, given datasets that include concurrent measurements of ACTH and cortisol serum levels. We use a multirate state-space representation of the system and by using a coordinate descent approach, we recover the model parameters and the secretory events. Based on the physiology, between BMI refers to body mass index. None of the participants had a current diagnosis of depression.
15 and 22 secretory events are expected for the ACTH-cortisol system over 24 h [2] , [24] . Considering that these secretory events are sparse (i.e., there are a small number of secretory events), we employ compressed sensing techniques to recover the secretory events. The exact number of secretory events for each participant is unknown; using generalized cross validation (GCV), we find the number of pulses such that there is a balance between capturing the noise and the sparsity. Since cortisol, growth hormone, thyroid hormone, estrogen, and testosterone are synthesized and secreted using a similar feedback control mechanism, the proposed framework could potentially be applied to all these endocrine hormones.
II. METHODS
A. Experiment
To test our model, we used serum ACTH and cortisol measurements collected simultaneously from an inpatient study of ten healthy women. The participants were recruited via advertisements in local newspapers to serve as healthy controls for a study on women with fibromyalgia; participants with abnormal laboratory test results or current medical problems were excluded [5] , [16] . None of the participants had received glucocorticoids or estrogen/progesterone within the year or four months before the study, respectively [5] , [16] . Clinical characteristics of the participants are given in Table I . For three consecutive nights at the General Clinical Research Center of the Brigham and Women's Hospital, participants had 8 h of scheduled sleep in the dark at their habitual sleep-wake times and three meals and two snacks; on day 4, all participants started a constant routine protocol that was designed to minimize the effects of stress, posture changes, eating, and ambulatory temperature on the participants [5] , [16] . Blood drawing for hormones analyzed in this study was performed during the third night of sleep and during the first 16 h of the constant routine [5] , [16] . Therefore, this dataset can be used to quantify ACTH and cortisol variations as a function of the circadian and the ultradian patterns. Blood was collected via an indwelling intravenous catheter in every 10 min for 24 h, assayed for ACTH and cortisol in duplicate, and the immunoassay error for each time series was obtained. Plasma ACTH levels were determined using the Nichols Allegro HS-ACTH kit (Nichols Institute Diagnostics, San Juan Capistrano, CA, USA). This assay has a lower limit of detection 0.2 pmol/L, interassay coefficient of variation 7-8%, and intraassay coefficient of variation 3%. Serum cortisol levels were measured using the chemiluminescence assay by Beckman Coulter, Inc., Chaska, MN, USA, interassay coefficient of variation 6-10%, and intraassay coefficient of variation 2.6-6.5% [16] . This project has been reviewed and approved by the Brigham and Women's Hospital Institutional Review Board (IRB). During the review of this project, the IRB specifically considered 1) the risks and anticipated benefits, if any, to subjects; 2) the selection of subjects; 3) the procedures for securing and documenting informed consent; 4) the safety of subjects; and 5) the privacy of subjects and confidentiality of the data.
B. Modeling Formulation
We build our model based on the stochastic differential equation model of diurnal cortisol patterns in [2] . This model is based on the first-order kinetics for cortisol synthesis in the adrenal glands, cortisol infusion to the circulation, and cortisol clearance by the liver. It uses a doubly stochastic pulsatile input with gamma distributed interarrival times and a Gaussian circadian amplitude [2] . This input marks pulsatile cortisol synthesis in the adrenal glands.
We represent the secretory events of the anterior pituitary using an impulse train. This impulse train marks the timing and amplitude of the secretory events that result in ACTH synthesis in the anterior pituitary. We assume that there are between 15 and 22 secretory events that control the 24-h serum cortisol level based on [2] and [24] . We also include the known cortisol negative feedback effect on ACTH secretion [2] , [6] , [7] , [12] , [17] in our model. Equations (1)-(3) model the HPA axis and cortisol and ACTH release
where x 1 is the serum ACTH concentration, x 2 is the cortisol concentration in the adrenal glands, x 3 is the serum cortisol concentration, and θ 3 is the ACTH gain. θ 1 and θ 2 represent the infusion rate of ACTH from the anterior pituitary to the blood and the cortisol negative feedback gain, respectively. θ 4 and θ 5 represent the coefficients corresponding to infusion of cortisol into the circulation from the adrenal glands and clearance of cortisol by the liver, respectively. u(t) is an abstraction of the secretory events in the anterior pituitary that result in ACTH release and consequent cortisol release
where q i denotes the amplitude of a secretory event initiated at time τ i , and m denotes the number of the secretory events. Our goal is to estimate the model parameters (θ j for j = 1, 2, . . . , 5), the number of the secretory events (m), and the amplitudes (q i for i = 1, 2, . . . , m) and timing (τ i for i = 1, 2, . . . , m) of the secretory events using serum ACTH (x 1 ) and cortisol (x 3 ) levels collected in 10-min intervals. We start by putting the control feedback model of ACTH and cortisol secretion [see (1)- (3)] in a state-space form, and writing the discrete analog of the system assuming that the input and the state remain constant over 1-min intervals. Since the data are collected in every 10 min, we form the corresponding multirate system. Then, using the initial conditions of the serum ACTH and cortisol levels, we can represent the system as
where y A represents serum ACTH levels, y C represents serum cortisol levels collected at 10-min intervals, and z 0 is a vector of the initial conditions of the serum ACTH concentration, the adrenal glands' cortisol concentration, and the serum cortisol concentration. 
C. Model Estimation
Between 15 and 22 secretory events are expected for the ACTH-cortisol system over 24 h [2] , [24] , so we assume the minimum number of secretory events u min = 15 and the maximum number of secretory events u max = 22. Considering that a pulse can occur at any minute, we assume u contains u min to u max nonzero elements out of 1440 possibilities, and all these nonzero elements are nonnegative (u min ≤ u 0 ≤ u min , u ≥ 0). Since hormone gains, infusion, and clearance coefficients cannot be negative, we assume that θ ≥ 0. Furthermore, we follow [2] and assume that the infusion coefficient of cortisol from the adrenal glands to the circulation is at least four times the clearance coefficient of cortisol by the liver (4θ 5 ≤ θ 4 ). We can formulate this problem as an optimization problem
s.t.
σ A and σ C represent the standard deviation of the ACTH and cortisol measurement errors, respectively. In this optimization problem, solving for u is a combinatorial problem, which is generally NP-hard, and is solved using greedy algorithms and poptimization algorithms. The greedy algorithms include matching pursuit (MP), othogonal MP, iterative hard thresholding, hard thresholding pursuit, gradient descent with sparsification, and compressive sampling MP [13] . In the p -optimization algorithms, the 0 -norm is approximated by an p -optimization problem, where 0 < p < 2 [13] . p -optimization algorithms are more accurate than greedy algorithms, but computationally more expensive [13] . It is possible to cast the above optimization problem as
where the p -norm is an approximation to the 0 -norm (0 < p ≤ 2) and λ is chosen such that the sparsity of u is between u min to u max . Then, using a coordinate descent approach, this optimization problem can be solved iteratively using the following steps until convergence is achieved: 1)
2)
The optimization problem in (9) can be solved using the focal underdetermined system solver (FOCUSS) algorithm [10] . The FOCUSS algorithm is based on the iteratively reweighted least squares algorithm, and enforces a certain degree of sparsity [28] . The sparsity is determined by λ (the sparsity of u increases with λ), and λ balances between sparsity and the residual error. We use an extension of the FOCUSS algorithm called GCV-FOCUSS+ [5] . The GCV-FOCUSS+ algorithm is based on FOCUSS+ [20] that solves for nonnegative u such that u has a certain maximum sparsity n (i.e., n = 22 for the HPA axis), and uses the GCV technique [9] for estimating the regularization parameter. In particular, GCV-FOCUSS+ is closely related to a version of the FOCUSS algorithm by Zdunek et al. [28] , which uses the GCV technique for updating the regularization parameter λ. Choosing a λ value that balances between the noise and sparsity is important in detecting the sparsity level. If λ is too small, overfitting can occur and noise can be detected as signal; on the other hand, if λ is too large, it leads to underfitting the data, and as a result, the signal will not be constructed completely. The FOCUSS+ algorithm and the GCV-FOCUSS+ algorithm are described in more detail in supplementary information.
An important factor in estimating the model parameters and the input is the initialization of u and θ: This should be done systematically. It is possible to obtain a good initial estimate for the timing of the pulses that result in cortisol secretion by first deconvolving the cortisol data using the model and the algorithm in [5] . This algorithm detects the significant pulses that result in cortisol release. Some peaks might not appear to be significant given only cortisol measurements and the corresponding pulses might not be detected; however, when analyzing the ACTH and cortisol data together, these pulses might now appear significant. Hence, we first find the peaks in the cortisol data, and then break the data into peak-to-peak segments, and then for the segments that no pulse is detected, we allow for the support (i.e., the timing of pulses) to occur any time over that segment. We use the find peaks function in MATLAB R2011b to compare each cortisol data point to its neighboring values, and then, by finding the data points that take values higher than both of their neighbors, we detect the peaks in the cortisol data. This process gives a good initial condition for the possible support of u; θ can be initialized randomly in the first step. Using these initial conditions, we start the initialization algorithm that is provided in detail in supplementary information; the model parameters and the input that minimize J λ (θ, u) in (8), denoted byθ 0 and u 0 , respectively, are good initializers for the main estimation algorithm.
The following is the algorithm that we propose for estimation of concurrent measurements of cortisol and ACTH: 1) Initialize the algorithm atθ 0 andû 0 using the initialization algorithm. 2) Setθ equal toθ k −1 ; using GCV-FOCUSS+, solve forû k by initializing the optimization in (9) atû k −1 .
3) Setû equal toû k , and using the Levenberg-Marquardt method, solve forθ k by initializing the optimization in (10) atθ k −1 . 4) Iterate between steps (2) and (3) until convergence. 5) Repeat steps (1)-(4) for various initializations. 6) Set the estimated model parametersθ andû equal to the values that minimize J λ (θ, u) in (8). The optimization problem in (8) is nonconvex and there are multiple local minima; the proposed algorithm selects the set of model parameters and the input that give the best goodness of fit. We have implemented the algorithm under the assumption that hormone pulses occur at integer minutes. The serum ACTH measurements are by four orders of magnitude smaller than serum cortisol measurements, and this leads to issues for numerical analysis due to the difference in the order of magnitude; the much smaller ACTH appears as noise. To handle numerical issues in running the estimation algorithm, we scaled up the ACTH measurements by a factor of four orders of magnitude. Then, we scaled down the estimated θ 2 by four orders of magnitude and scaled up the estimated θ 3 by four orders of magnitude to compensate for scaling up ACTH in the estimation. Fig. 1 . Estimated deconvolution of the experimental 24-h concurrent ACTH and cortisol levels in ten women. In each panel, 1) the top subpanel shows the measured 24-h ACTH time series (red stars), and the estimated ACTH levels (black curve), 2) the middle subpanel shows the measured 24-h cortisol time series (red stars), and the estimated cortisol levels (black curve), 3) the bottom subpanel shows the estimated pulse timing and amplitudes (blue vertical lines with dots) using concurrent measurements of ACTH and cortisol for the corresponding participant. The shaded gray area corresponds to sleep period and the white area corresponds to wake period. The estimated model parameters are given in Table II . The parameter θ 1 is the estimated infusion rate of ACTH from the anterior pituitary into the circulation; θ 2 is the estimated cortisol negative feedback gain; θ 3 is the estimated ACTH gain; θ 4 is the estimated coefficient corresponding to infusion of cortisol into the circulation from the adrenal glands; and θ 5 is the estimated coefficient corresponding to clearance of cortisol by the liver.
This step balances the units in the system of equations that describe the HPA axis. For evaluating the R 2 , we estimated the ACTH and cortisol levels using scaled θ values (reported in Table II) , and ACTH and cortisol initial conditions with units ug dl . Also, the impulse input had units ug dl so that all equations were balanced when evaluating the R 2 . In implementing the GCV-FOCUSS+ algorithm, we solve for u by letting p = 0.5. Data analysis, estimation, and simulations were performed in MATLAB R2011b.
III. RESULTS Fig. 1 shows the model-predicted ACTH and cortisol estimates and the estimated amplitudes and timing of hormone pulses for each participant. The timing and amplitudes of the detected hormone pulses vary over a 24-h period across participants. The amplitudes of the recovered pulses have a circadian rhythm; for most participants, there are fewer recovered pulses at the beginning of the scheduled sleep, and there is a large pulse toward the end of the sleep period or beginning of the wake period. There are multiple small-and medium-sized pulses during the wake period.
The number of recovered pulses for all participants is within their corresponding physiologically plausible ranges [2] , [24] and varies among participants. The squares of the multiple correlation coefficients (R 2 ) are between 0.82 and 0.94 for cortisol time series and between 0.46 and 0.79 for ACTH time series using concurrent measurements of ACTH and cortisol time series (see Table III ).
The number of pulses obtained using concurrent measurements of ACTH and cortisol range from 15 to 18 pulses; the number of pulses obtained only from cortisol measurements varies from 16 to 20 pulses. Fig. 2 shows the estimated secretory events of the anterior pituitary recovered using concurrent ACTH and cortisol measurements as well as the estimated secretory events of the adrenal glands recovered using the cortisol measurements. The timing of most of the significant pulses recovered from concurrent measurements of ACTH and cortisol M is the estimated number of cortisol pulses using only measurements of cortisol levels, and N is the estimated number of ACTH pulses using concurrent measurements of ACTH and cortisol levels. R are in agreement with the timing of most significant pulses recovered only from cortisol measurements for most participants; however, some of the less significant pulses are not in agreement in terms of timing or have not been recovered when analyzing concurrent ACTH and cortisol data versus cortisol data alone. The mismatch between the detected ACTH secretory events and cortisol secretory events could be due to the noise that exists in the HPA axis during the secretion process as well as measurement noise or some nonlinearities in the HPA axis. These results suggest that using only cortisol serum measurements one can find the timing of most of the significant secretory events in the HPA axis (i.e., the timing of pulses that are crucial in both cortisol and ACTH profiles). By including ACTH serum measurements, either some of the pulses that were detected using only cortisol data are not detected anymore or some new pulses are captured that were not detected previously. Also, there can be small differences in the timing of the detected pulses depending on whether cortisol data were used alone or both ACTH and cortisol data were used. The amplitude of the recovered ACTH secretory events are by four orders of magnitude smaller than those of cortisol, which is expected as the amplitudes of the ACTH data are by four orders of magnitude smaller than those of the cortisol data.
The parameters θ 4 and θ 5 are estimated coefficients corresponding to the infusion and clearance of cortisol, respectively. These coefficients are functions of the underlying infusion and clearance rates of cortisol, respectively, which we reported in [5] . Gains on ACTH are larger than the cortisol infusion and clearance coefficients by four orders of magnitude and negative feedback gains on cortisol are smaller by four orders of magnitude than the infusion rate of ACTH by the anterior pituitary. These differences in the orders of magnitudes are expected as ACTH serum levels are smaller than cortisol serum levels by four orders of magnitude. On average, after scaling up the ACTH measurements by a factor of four orders of magnitude and referring to the standard deviation of the scaled-up ACTH measurements as σ A , we have σ A ≈ √ 2σ C . Fig. 2 . Comparison of estimated pulse timing and amplitudes using the experimental 24-h cortisol levels only with estimates from concurrent ACTH and cortisol levels in ten women. Each panel shows the estimated pulse timing and amplitudes (blue vertical lines with dots) using concurrent measurements of ACTH and cortisol, and the estimated pulse timing and amplitudes (red vertical lines with dots) using only cortisol measurements for the corresponding participant. The shaded gray area corresponds to sleep period and the white area corresponds to wake period.
IV. DISCUSSION
Cortisol is released in pulses in response to pulses of ACTH, and in return, has a negative feedback effect on ACTH release. Typically, cortisol serum measurements are collected and analyzed, and simultaneous recording of ACTH and cortisol is not typical. In this study, we analyze simultaneously recorded serum ACTH and cortisol measurements from ten healthy women.
Modeling the HPA axis and determining the number, timings, and amplitudes of pulsatile events using simultaneously recorded serum ACTH and cortisol measurements are challenging: Due to data collection costs, the sampling interval of 10 min is relatively large compared to the interpulse intervals and secretion and clearance rates in the HPA axis. This large sampling interval makes it challenging to identify the potential consecutive pulses that occur over one sampling interval as well as the potential delays over one sampling interval. 2) Since ACTH decays faster than cortisol, due to the low resolution of the data, the ACTH response to a small pulse might not be observed in the ACTH data while the cortisol response might be observed in the cortisol data. Distinguishing between such a small pulse and noise is challenging.
3) The properties of noise in the HPA axis are not known. 4) The HPA axis exhibits circadian rhythmicity in multiple parameters over 24 h; therefore, the model parameters might be time varying. 5) There is interindividual variation, even among healthy individuals.
We model ACTH and cortisol secretion simultaneously using a third-order linear differential equations model with Gaussian measurement errors and sparse pulsatile events as inputs to the model. We propose a novel framework for recovering pulses and parameters underlying interactions between ACTH and cortisol. We recover the timing and amplitudes of pulses using compressed sensing, and employ GCV for determining the number of pulses. We analyze simultaneously recorded serum ACTH and cortisol levels sampled at 10-min intervals over 24 h from ten healthy women. The 24 h began with 8 h of scheduled sleep followed by 16 h of wake.
We recover physiologically plausible timings and amplitudes for these pulses and model the feedback effect of cortisol. We obtain 15 to 18 pulses over 24 h. The amplitudes and frequencies of the obtained secretory events are consistent with the physiologically plausible amplitudes and pulse frequencies as a function of the time of the day, without including an explicit model for pulse amplitudes and interpulse intervals.
In [5] , we modeled cortisol secretion using the first-order kinetics underlying cortisol secretion and recovered the secretory events that lead to cortisol release and the corresponding model parameters. The recovered pulses in this study are highly consistent with cortisol serum measurements analysis using a different model and estimation algorithm reported in [5] . Since our model herein includes both ACTH and cortisol, pulses that are detected using our approach are significant in both ACTH or cortisol data, and pulses that only appear in ACTH or cortisol data might be due to noise, and are not reported as significant. For cortisol data, the high R 2 values (above 0.82 for all ten participants) suggest that our proposed algorithm can successfully reveal physiologically plausible information regarding cortisol release in the HPA axis. Considering that the half-life of ACTH is less than that of cortisol and a sampling interval of 10 min cannot capture all the characteristics of the ACTH profile (e.g., the peak values), the current ACTH data are not as reliable as the current cortisol data; this may explain why the R 2 values obtained for the ACTH data were lower than the R 2 values found for the cortisol data. The variations in the hormone data also might be due to undersampling (when the sampling frequency is low), and experimental error that can be caused by assay variability and pipetting [11] .
Our model enables analyzing the HPA axis as a whole and allows for accurate quantification of pulsatile events, and normal and pathological states relating the control of cortisol and ACTH secretion. This can potentially lead to a systematic approach for treating disorders related to cortisol and also for achieving normal cortisol secretion in an optimal manner. Modeling the interactions between ACTH and cortisol by including concurrent data from both hormones allows for understanding the input/output relationship between ACTH and cortisol. Currently, stimulation tests are used to diagnose hormonal disorders that are caused by a problem in the anterior pituitary or the adrenal glands. Using data from a large population of healthy human subjects, a model and a deconvolution algorithm that includes the ACTH gain and cortisol negative feedback like the model proposed in this study, we could find a range for model parameters for the healthy population. This could then be used to recognize the site of origin for some hormonal disorders of the HPA axis for specific patients. For example, if a patient has elevated cortisol levels, the model can distinguish whether the negative feedback effect of cortisol on ACTH is too low, or the gain on ACTH is too high, or the clearance rate of cortisol by the liver is too low. The algorithm provided in our study is a novel way of recovering the feedback gain, ACTH gain, and ACTH secretory events simultaneously.
The described approach to the estimation of ACTH and cortisol measurements is a general approach that can similarly be applied to concurrent measurements of other hormones. In this paper, we used a state-space approach in estimation of the HPA axis. We formulated the problem in a way that allows for concurrent deconvolution of two hormone profiles, while considering one hormone (ACTH) as the input resulting in the release of the other hormone (cortisol). The proposed state-space framework can be applied to other hierarchical endocrine hormone systems (e.g., thyroid-stimulating hormone and thyroid hormone).
The proposed approach is also beneficial for analyzing concurrent measurements when one of the observations is very noisy; using the proposed approach, one can fit the noisy data implicitly and reduce the effect of noise when performing estimation. By implicitly fitting the ACTH data, we reduced the effect of the high noise in the data, and compensated for the cases in which there is a pulse of ACTH without a cortisol response or vice versa.
While we used a deterministic approach for deconvolution of cortisol levels, it is possible to cast the parameter estimation problem as a Bayesian estimation problem by considering a Gaussian distribution for the 2 -norm and a Laplace distribution for the 1 -norm in the cost function in (8) , and obtain confidence intervals for the model parameters and the pulses underlying cortisol secretion. Future directions of this research include developing a physiologically plausible optimal control formulation that can result in impulse control.
V. CONCLUSION
Cortisol is released in pulses (in response to pulses of ACTH), and in return, has a negative feedback effect on ACTH release. Simultaneous recording of ACTH and cortisol is not typical, and determining the number, timing, and amplitudes of pulsatile events from simultaneously recorded data are challenging. In this study, we analyzed simultaneously recorded serum ACTH and cortisol measurements from ten healthy women. We modeled ACTH and cortisol secretion simultaneously using a linear differential equations model, with Gaussian errors and sparse pulsatile events as inputs to the model. We proposed a novel framework for recovering pulses and parameters underlying the interactions between ACTH and cortisol. We recovered the timing and amplitudes of pulses using compressed sensing, and employed GCV for determining the number of pulses. The amplitudes and frequencies of the obtained secretory events are consistent with physiologically plausible amplitudes and pulse frequencies as a function of the time of the day, without including an explicit model for pulse amplitudes and interpulse intervals. Our model enables analyzing the HPA axis as a whole and allows for accurate quantification of pulsatile events, and normal and pathological states relating the control of cortisol and ACTH secretion. This can potentially lead to a systematic approach for optimally treating disorders related to cortisol. The proposed state-space framework can be applied to other hierarchical endocrine hormone systems (e.g., growth hormone, thyroid hormone, and gonadal hormones). 
